We study renormalization group (RG) fixed points of scalar field theories endowed with the discrete symmetry groups of regular polytopes. We employ the functional perturbative renormalization group (FPRG) 
INTRODUCTION
The general problem of classifying universality classes of multicomponent scalar QFTs is to date largely unsolved despite the centrality of the subject in modern days theoretical physics and the many decades passed since Wilson's original works [1, 2] . In recent years the -expansion has been reconsidered [3] [4] [5] since it furnishes a simple method to approach the general classification of universality classes in arbitrary dimension, able to map uncharted territories in theory space, especially those pertaining to models having exotic or complex symmetry groups. The analysis of single component scalar field theories with φ k interactions teaches us which are all possible upper critical dimensions d c (k) around which the -expansion can be performed. Apart from the standard cases φ 3 , φ 4 and φ 6 corresponding, respectively, to integer d c = 6, 4, 3 and which have been extensively studied [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , upper critical dimensions are generally rational and their universal leading order (LO) and next-to-leading order (NLO) contributions appear at loop orders higher than one; for this reason they have attracted attention only recently [5, 6, 16, 17] .
One of the main virtues of the functional reformulation of perturbative RG is the fact that multicomponent LO beta functionals, in any d c , follow straightforwardly from their single component counterpart and thus no additional loop computations are needed to obtain the LO beta functions necessary for the fixed points (FPs) analysis. This important fact, for long time unnoticed, paves the way for the general analysis of multicomponent universality classes in dimension greater then two. The typical approach to the their classification in the cases studied so far, i.e integer d c = 6, 4, 3, is to fix the number of components N without assuming any symmetry for the models considered. The analysis at fixed N > 1 is a non-trivial algebraic problem in k+N−1 k variables (number of marginal couplings) and can be carried over in a fully analytical way only in the N = 2 case (see [3] for the cases d c = 6, 4, 3 and [18] for the new case d c = 10 /3). Higher number of components have been considered under the trace condition in d c = 4 for N = 3, 4, 6 [19] [20] [21] [22] [23] , while the general problem in absence of this condition becomes rapidly algebraically intractable. A complementary approach that will be pursued in this work is a "symmetry perspective" where one explores scalar theories characterised by a given family of symmetry groups Gs with the appropriate N-components representations and considering the upper critical dimensions implied by the functional form of the corresponding Gs-invariant Ginzburg-Landau (GL) Lagrangians.
Among the simplest families that exist for arbitrary N and that have been the main object of study for decades, we recall the O(N) symmetric theories in d c = 4, the Potts S N+1 families in d c = 6 and the Cubic N ones in d c = 4 (see [3] for a recent review and [24] for the state of the art). From a geometrical point of view, these symmetry groups correspond respectively to the (N − 1)-sphere, the N-simplex and the N-cube. While the first is the simplest among continuous groups, the other two belong to the discrete group family of the regular polytopes and they are the only two which are present in any N-dimension 1 . All the other regular polytopes can be constructed only in two (polygons), three (Platonic solids) and four (hyper-Platonic solids) N-dimensions. In particular, N = 2 regular polytopes are the polygons and they are infinitely many. In N = 3 we have only three cases up to duality: the Tetrahedron, the dual Octahedron/Cube pair and the dual Icosahedron/Dodecahedron pair. Finally, in N = 4 there are four cases: the 5-cell (hyperTetrahedron), the dual 8-cell/16-cell pair (hyper-Cube/hyper-Octahedron), the 24-Cell and the dual 600-cell/120-cell pair (hyper-Icosahedron/hyper-Dodecahedron).
In this paper we perform a systematic study of scalar field theories characterised by the symmetry groups of these geometrical objects. Depending on the N-dimension considered, the related Platonic Field Theory (PFT) have order parameter with N = 2, 3, 4 components and show up many possible upper critical dimensions; the ones we study are d c = 6, 4, 10 /3, 3, 14 /5, 8 /3, 5 /2, 12 /5. We will look for fixed points of PFTs using the functional perturbative renormalization group (FPRG). This can be achieved thanks to the aforementioned technical device that multicomponent beta functionals can be inferred from the knowledge of single component ones in a unique way at both LO and NLO in the 'even' potential case and at LO in the 'odd' potential case.
The paper is organised as follows. In Section 2 we define what we dub Platonic Field Theories (PFTs) introducing for each polytope (characterised by symmetry group G) a method to construct basic G-invariant polynomials which we use as building blocks to express the corresponding Ginvariant GL Lagrangian. We then determine the set of all possible upper critical dimensions d c the corresponding PFTs entail. In Section 3 we explain how to derive the beta functions for the marginal couplings generalising the single component beta functionals to their multicomponent version. The known cases of d c = 6, 4, 10 /3, 3 are reviewed and we give the new beta functionals for the cases d c = 8 /3, 14 /5, 5 /2, 12 /5 (the last two cases are given in Appendix B). In Section 4 we report a detailed analysis of all the fixed points and universality classes found (all the analytical details are contained in Appendix A). This section should be intended as a guide map to Table III and Table  IV which constitute the main results of this work and contain the relevant information regarding the critical behaviour of each polytope, namely for any admissible upper critical dimension, the corresponding fixed points and critical exponents. Concluding remarks and further perspectives are provided in Section 5. 
PLATONIC FIELD THEORIES
The N = 2 Platonic solids are nothing else than the regular polygons; a n-gonal regular polygon is represented by Schläfli symbol {n}. N = 3 Platonic solids are regular convex polyhedra: their faces are polygons {p}, q surrounding each vertex and they are denoted by Schläfli symbol {p, q}. The possible values of p and q can be enumerated and can have any other values than {3, 3}, {3, 4}, {4, 3}, {3, 5}, {5, 3} which identify the five Platonic solids in three dimensions. Platonic solids in N = 4 (4-polytopes) are the analogs of the regular polyhedra in three dimensions and the regular polygons in two dimensions. The corresponding Schläfli symbol {p, q, r} identifies a solid with {p} faces and {q, r} vertex figures. The Schläfli's criterion [25] for the existence of a regular figure corresponding to a symbol {p, q, r} selects the only 6 admissible 4-polytopes to be {3, 3, 3}, {3, 3, 4}, {4, 3, 3}, {3, 4, 3}, {3, 3, 5} and {5, 3, 3}. The symmetry groups G of the polytopes P considered are listed in Table I. In the RG approach to critical phenomena, the critical behavior of PFTs can be described in terms of a N-component scalar field φ i which carries an irreducible representation of a given polytope's symmetry group G. Accordingly, the corresponding field theory will be described by a GL action
where the GL potential V(φ i ) will be eventually expressed as a G-invariant polynomial in the components φ i . G-invariant polynomials of degree k, namely I (k) (φ i ), can be constructed geo- 
0 0 Table makes clear the order at which the independent invariants appear. For any case related by duality, we give only the ones treated in the text and for simplicity we omit the 600-cell case.
metrically taking advantage of the strong symmetry of regular polytopes. To this purpose, let's consider the set of versors {e α } defining the n vertices of a given polytope P. In terms of these versors we construct the k th order invariant polynomial as 2
where summation over repeated indices is intended and we have chosen the versors to be normalized to 1. In general the explicit forms of the invariant polynomials I (k) depend on the choice of the (cartesian) coordinates which identify the vertices of P, however, polynomials which are transformed into each other by a mere change of reference frame in the space of the φ i components are physically equivalent and should not be distinguished. Not all the invariants I (k) are independent, as can be inferred from Table II . For each polytope, we identify the basic N independent ones by increasing the polynomial degree k. To this purpose it is useful to consider the Molien series which, for a given symmetry group G, counts the number of homogeneous polynomials of a given degree k that are invariants for G itself. It is defined as:
where ρ is a linear representation of the group G on the underlying N dimensional vector space. Once the series is expanded, the coefficient of the monomial t m gives the number of linearly independent homogeneous invariants of degree m; the Molien series furthermore suggests which is the polynomial degree of the basic N independent invariant polynomials, as it can be understood cross-checking Tables I and II . We always find only one quadratic independent invariant 3 which we call ρ := I (2) , while, independently of the order at which they first appear, we call τ the second and, when present, σ and ω respectively the third and the fourth ones (see Table II ). Let's call B P the set given by the basic N independent invariants of a given polytope P. In terms of the elements of B P we can consider P (k) (ρ, τ, σ, ω) as the most general homogeneous G-invariant polynomial of degree k; in general it can be expressed as
where
are monomials given by powers and products of elements of B P such that their overall polynomial degree is k, g µ are some real coefficients [22] and the number r of homogeneous polynomials of degree k that are invariant under G P , is given in terms of the Molien series as explained above. In the framework of the -expansion we are going to renormalize PFTs in d = d c − , where the upper critical dimension d c is uniquely determined by the degree of the homogeneous polynomials P (k) . Indeed we can express the GL G-invariant potential
and we understand that the coefficients g µ play the role of coupling constants. By imposing the GL potential U to be marginal (remember that φ has dimensions d−2 2 as it can be gleaned out inspecting the kinetic part of the action (2.1)) we obtain the upper critical dimensions as
In this paper, for any polytope P, we considered all the possible upper critical dimensions d c corresponding to the allowed P (k≤k max ) , where k max is the degree of the highest order polynomial in B P . We exclude from the analysis those d c related to polynomials P (k) which are expressed as powers of ρ only, since they will simply describe the corresponding O(N) symmetric theory. Let us make all this more concrete and give an example for the Square polygon {4}. First we construct the basic D 4 -symmetric invariant polynomials I (k) . To this purpose, we fix the versors {e α } choosing the four vertices of the Square to be the permutations of the coordinates
. We then proceed performing the sum in Eq. (2.2) which in this case extends up to N = 2 and n = 4. Starting from k = 2 we find 9) and therefore the two elements of B {4} are ρ {4} ≡ I (2) and τ {4} ≡ I (4) . Since the Square interaction term is represented by the invariant polynomial τ {4} of degree k = 4, the only interesting upper critical dimension in this case is d c = 4. The Molien Series for the Square group D 4 is given by
from which we understand that the r = 2 monomials of degree 4 are M (4)
where we named the coupling constants g 1 = X and g 2 = Y.
As a further example, consider the case of the dual pair {3, 4}, {4, 3} namely the Octahedron and the Cube. We fix the versors {e α } choosing the eight Cube vertices as the permutations of the coordinates √ 4 /3(±1, ±1, ±1) so that, once we perform the sum in Eq. (2.2) which now extends up to N = 3 and n = 8, we find that the three elements of B {4,3} in the Cube basis are
(2.14)
In the Octahedron basis the independent invariants are given in Appendix A. The duality between the two Platonic solids is expressed as a map between the invariants (ρ, τ, σ) in the two representations which, in the case of the Octahedron/Cube reads
The map between invariants translates in a smooth map between couplings and thus their RG properties are trivially the same. Due to their interest in statistical physics [26] [27] [28] , we notice as a final remark that Z n -symmetric models may be described in the long-distance limit in terms of a complex order parameter (φ,φ) and mapped into a Lagrangian whose interaction term in general can be written as (λφ n +λφ n ).
Imposing the reality of this interaction term amounts at enlarging the Z n group to the corresponding dihedral one D n and the Z n invariants are nothing but the corresponding polygon ones. As an example consider the Z 5 theory described by (λφ 5 +λφ 5 ); requiring λ =λ and changing representation to φ = φ 1 + i φ 2 , gives exactly the D 5 Pentagon invariant considered in Eq. (A.13).
MULTICOMPONENT BETA FUNCTIONALS
In order to study the RG flow of PFTs as presented in the previous section we use the perturbative formalism in its functional formulation (FPRG) [3, 5] . In particular we use minimal subtraction scheme (MS) in d = d c − where, for each PFT, the upper critical dimensions d c are uniquely identified by Eq. (2.6) and specify the dimensions where to expect non-trivial universality classes. For each polytope the upper critical dimensions considered are listed in Table III . The beta functions of the couplings appearing in the marginal potential V(φ) can be extracted from the beta functional β V while the flow of β Z fixes the anomalous dimension η, where by Z(φ) we denote a field-dependent wave-function (we refer to [5] for more details).
For even potentials, namely when k = 2m with integer m > 1, the upper critical dimensions d c in Eq. (2.6) read d c = 2m m−1 and the corresponding single component LO and NLO contributions are known in general [6] . LO beta functionals in the even case have been given recently for general N in [11] . While for d c = 4 and d c = 3 the NLO corrections are well known 4 [3] , there are no general expressions for the NLO multicomponent beta functionals for arbitrary m. But here is where the magic of the functional constraints comes to help. In fact, by analysing the form of the N = 1 beta functionals given in [6] , one realises that there is only one way to enhance them to the multicomponent case.
For example let's consider the d c = 4 case. The knowledge of the single component beta func- 2 and β Z = − 1 /6(V (4) ) 2 leads directly to their multicomponent version since there is only way to "promote" the monomials to the N > 1 case: (V (2) 
similarly, taking care of the un-contracted indexes for β Z , (V (4) ) 2 → V a 1 a 2 a 3 a 4 V a 1 a 2 a 3 a 4 . We finally obtain
where we reported the corresponding perturbative diagrams using hereafter as a color code, grey for β V 's and blue for β Z 's. Similarly, in the d c = 3 case one can avoid performing a direct multicomponent computation simply generalizing
12 (V (4) ) 3 as well as β Z = − 1 45 (V (6) ) 2 to the multicomponent case, namely
We are now in the position to infer the beta functionals for the even potential's upper critical dimensions we are interested in, namely d c = 8 /3, 5 /2, 12 /5, generalising the single component ones given in [6] . The result for d c = 8 /3 is given in Eq. 
We underline two interesting aspects about these expressions: first, as can be noted from the diagrams above, they are of relatively high loop order since the LO contribution β V arises from a (m − 1)-loop computation while the NLO functionals β V and β Z appear at 2(m − 1)-loops; second all the coefficients reported are universal, i.e. independent of the specific RG scheme adopted. Even if it is not difficult to write down the beta functionals for general m and N, their expressions become rapidly quite cumbersome and we won't report them here. In any case we have checked that the general LO contributions agree with those recently derived by CFT methods in [11] genersalising to the multicomponent case the results of [29] .
In the odd case where k = 2m + 1 with integer m ≥ 1 and the upper critical dimensions read d c = 2 + 4 2m−1 , we consider only the leading contributions for two reasons: first, as reported in [5] we have a general formula for the beta functionals only at LO; second, the enhancement from the single to the multicomponent case works only at LO for even theories, since the presence of higher powers of V (2) in the NLO beta functionals makes the N = 1 case degenerate with respect to the multicomponent case.
The d c = 6 case is well known and the NLO contributions can be found in [3, 12] . We report here the LO contributions, which are those that can be inferred from the single component case
(3.4)
The d c = 10 /3 single component case has been reported recently in [16] . The generalization to its multicomponent version is straightforward and reads 5 5 We use a different normalization with respect to [16, 18] 9
As an example we show how to extract the beta functions in the case of the Square polygon {4}.
Since the upper critical dimension in this case is d c = 4, we then refer to the beta functional in Eq. (3.1) to obtain the couplings beta functions. To this purpose, consider the Square potential as defined in Eq. (2.11) in terms of which we can define straightforwardly
We then proceed computing the r.h.s of Eq. (3.1) which reads 6
One then inserts (3.7) and (3.8), respectively, on the l.h.s. and r.h.s. of Eq. (3.1) and equates equal powers of the invariants on both sides to read off the corresponding dimension-full beta functions. Switching to dimensionless variables is straightforward 7 and the resulting system of beta functions is given in Eqs. (A.9) and (A.10).
UNIVERSALITY CLASSES
The result of our analysis is reported in Table III, which together with Table IV , are the main results of this work. This Section should be intended as the guide to these two Tables which the reader should have at hand. Table III is basically composed of three columns: the first lists the polytopes; the second one reports the upper critical dimensions examined, which we remember are those where the relative PFT homogeneous invariant polynomials P (k) (interactions) are marginal (see Section 2); the third one lists all real FPs found, i.e. all the real zeros of the corresponding system of beta functions, whose solutions are labelled with the name of the universality class 8 to which they correspond. Table IV instead reports the critical exponents η and ν for all those universality classes for which we were able to compute both of them.
We start our analysis considering the polygons, namely the N = 2 case. Since there are an infinite number of polygons, we limited our analysis up to the Octagon, which is enough to show the general critical pattern emerging from the two families of even and odd n-gons. The Triangle in d c = 6 is the well known Potts 3 [12, [30] [31] [32] [33] which has a real FP (but note the unusual fact:
. It is well known that Potts 3 is not present in d = 3 [34] , and this is an indication that even near d = 6 it doesn't have a clear status (one can construct an argument using the NLO beta functions to claim the same [31, 33] ). The Square FPs in d c = 4 are the O(2) and two copies of Ising. Particular to the N = 2 case is a mapping in terms of which it is true that Cubic 2 =Ising [3, 24] and therefore the cubic FP is not present in this case. Cubic FPs emerge instead in the N = 3 and N = 4 cases as we shall see below. The first surprise among polygons is the Pentagon universality class. The upper critical dimension in this case is d c = 10 /3 and therefore it is a candidate to give a non-trivial critical behavior in three dimensions. The corresponding critical exponents are reported in Table IV . It is reassuring to see that ν > ν MF contrary to what found in 6 We note here that functional derivatives are first taken w.r.t. the fields {φ i } and then the result is re-expressed in the natural basis of the invariants {ρ, τ}. 7 With abuse of notation we use the same symbols for dimensionless and dimensional couplings. 8 We use typewriter font to denote universality classes. the single field case [16] for this upper critical dimension. Note also that the anomalous dimension is quite large in d = 3 where it assumes the value η = 1 /5; it is natural therefore to consider this universality class in three dimensions where the -expansion may have well behaved convergence properties since we just have to set = 1 /3. The next polygon is the Hexagon which is analysed in d c = 3. In this case only a FP which identifies the tri-critical version of the O(2), namely the Tri-O(2), is present. The corresponding anomalous dimension is η = 1 392 2 . The Heptagon case in d c = 14 /5 shows a behaviour analogous to the Pentagon, namely there is real FP representative of this universality class with 'well behaved' critical exponents given in Table IV . Even though this universality class is new, it is less interesting w.r.t. the Pentagon one since it does not exist in three dimensions and possibly exists only in d = 2. Finally we analysed the Octagon in d c = 8 /3 which exhibits a critical behaviour analogous to the Hexagon case. In particular we find only the tetra-critical version of the O(2) FP, namely only the Tetra-O(2), with anomalous dimension given by η = 9 59858 2 . We expect the even family of n-gons with n > 8 to reproduce the series of multi-critical O(2) FPs 9 . Even though, within the formalism presented in Section 3 and in Appendix B, we could consider polygons {n} with n > 8 being even or odd generalising to the multicomponent case the beta functionals of [3, 5] , we will not pursue this analysis here. It is anyway of interest to understand if the appearing of a non-trivial FP as for the Pentagon and the Heptagon is a general feature of all the odd {n} theories or if there is a critical number of edges after which the fluctuations drive the FP to the corresponding O(2) universality class.
We now move to the N = 3 case, where we encounter the famous five Platonic solids. We first analyzed the Tetrahedron which belongs to the family of simplexes; in this case the possible upper critical dimensions are d c = 6 and d c = 4. The first gives rise to no real FP, mirroring the fact that no real Potts 4 FP is known in d ≥ 3 [34] ; in d c = 4, due to the fact that for N = 3 the tetrahedral group is isomorphic to the cubic one (G = S 4 × Z 2 , see Table I ), the tetrahedral FPs coincide with the cubic ones [3, 32] . The three universality classes that emerge are therefore 3×Ising, O(3) and Cubic 3 , a case that has been extensively studied [24, [35] [36] [37] [38] . We considered the Cube/Octahedron pair in the Octahedron basis where the invariant polynomials assume a simpler form, see Appendix A. As explained above, due to the group isomorphism between the Tetrahedron and the Cube, the universal content in d c = 4 coincides. The second allowed upper critical dimension is d c = 3 where we find the tri-critical version of the previous FPs. In particular the φ 6 -Cubic 3 FP is new and should be intended as a φ 6 -theory with cubic symmetry 10 . Its critical exponents are given in Table IV . While it is clear [3, 27, 39] that no icosahedral FPs can be found in d = 4 − since the first invariant polynomial is of degree 6, our analysis revealed that as we study the icosahedral theory in d c = 5 /2 by means of the marginal potential in Eq. (A.64), there emerge two icosahedral FPs for which we were able to compute the anomalous dimensions 2 . Any of these universality classes can be present only in two dimensions. The analysis of the 600-cell/120-cell symmetry starts to be very complicated even if straightforward. We considered this dual pair of polytopes at the upper critical dimensions d c = 12 /5, 20 /9, 15 /7, but for simplicity we omit to report the corresponding invariants and beta functions though easily accessible along the line of reasoning of Sections 2 and 3. The analysis of the FPs for this dual pair revealed no other real FP except for the multi-critical O(4) FPs (see Table III) 12 . This result is somehow expected since, due to the high number of points on the unit 4-sphere it can be considered very close to the O(4) model. We notice here that we could have analyzed the 600-cell/120 pair in all the intermediate accessible upper critical dimensions, but since the analysis at the highest polynomial of degree k max = 30 revealed no 600-cell FP, we expect the aforementioned d c to correspond only to the O(4) multi-critical FPs.
It is natural to consider extensions of the present analysis based on the regular N-polytopes for general N ≥ 5. However, we have that apart from N-simplexes (hyper-Tetrahedra) studied in [18] , just hyper-Cubes (hyper-Octahedra) are present and both their critical content is, on the other hand, already known. 
CONCLUSION AND OUTLOOK
In this paper we systematically analysed the critical behavior of Platonic Field Theories (PFTs) within the -expansion. We devised a method to construct invariant polynomials w.r.t the discrete symmetry groups of the regular polytopes, in terms of which we expressed the first N independent invariants by increasing polynomial order. Since the upper critical dimensions the corresponding PFTs entail are generally non-integer (though still rational), we derived the relative novel RG flow by generalising the single component beta functionals β V and β Z to their multicomponent counterparts in all the relevant d c considered. New results in this respect regard d c = 14 /5, 8 /3, 5 /2, 12 /5 for which we reported the corresponding beta functionals in the main text and in Appendix B.
A very interesting result of this analysis regards a new candidate universality class in d = 3 dimensions with the symmetry group D 5 of the Pentagon. Validating its existence and measuring its critical properties by other methods surely deserves attention. Numerical Monte Carlo investigations are currently being pursued in this direction [40] . Moreover being the upper critical dimension very close to three ( = 1 /3) it would be an ideal testing ground for the FPRG. It would also be desirable to have an accurate estimate of the critical exponents of this universality class by means of CFT bootstrap methods in terms of which hyper-Tetrahedral and hyper-Cubic theories have recently been analysed [41] . Other interesting results concern new Icosahedron fixed points in d < 3 as well as the fixed points of the 24-Cell. As a by product of the present analysis we found many multi-critical O(N) and φ n -Cubic universality classes.
Since the recent renewed interest in the multi-critical O(N)-models [42, 43] , future perspectives regard the analogous analysis of the multi-critical behavior of Cubic theories. We also notice that the universality classes with d c < 3 may correspond to some novel unitary 2d CFTs with discrete global symmetry and of central charge c > 1; these theories are likely to be irrational CFTs and can be studied with numerical conformal bootstrap methods [44] . As it has been studied in [45] for Z 2 scalar theories, it would also be interesting to systematically analyse polygons, in particular with respect to the d → 2 limit where we expect a countable infinity of FPs corresponding to para-fermionic CFTs [46] .
Finally further studies can be directed to the application of the formalism to the study of those field theories characterised by the discrete symmetry group of a general geometrical object in a N component space.
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Since the non-trivial invariant polynomial τ {3} is of order k = 3, we study the Triangle in d c = 6 and therefore we consider the following marginal potential
The beta function β X and the anomalous dimension η are obtained from the general formulae (3.4) and they read
We find that the universality class associated to the Triangle is the well known Potts 3 .
Square {4}
The two invariants for the Square {4} D 4 symmetry are
We immediately note that τ {4} can be related to φ 4 1 + φ 4 2 by a field redefinition allowed by the O(2)-symmetry (in fact one can check that Cubic 2 = Ising [3] ) and, given that τ {4} is of polynomial order k = 4, we study the Square in d c = 4. The corresponding marginal potential reads
In terms of the general formulae (3.1), the beta functions and the anomalous dimension read
The LO fixed point potentials are
The first and last potentials represent two copies of Ising related by the aforementioned field redefinition, while the middle one is the O(2) class. The computation of the critical exponents at NLO confirms this picture.
Pentagon {5}
The interesting D 5 -symmetric Pentagon {5} case can be studied considering the following two invariant polynomials
Since the invariant polynomial τ {5} is of field order k = 5, the corresponding upper critical dimension around which the -expansion is performed is d c = 10 /3. Since ρ and its powers are even in the fields, there is only one marginal coupling and consequently the marginal potential reads
Beta functionals in d c = 10 /3 are given in Eq. (3.5). Since the beta functional β V in d c = 10 /3 does not contain V a 1 a 2 a 3 a 4 a 5 , the beta function β X receives non-tree level contributions only from the anomalous dimension and it reads
with anomalous dimension given by
The solution X * = 24 25 √ defines the Pentagon universality class with critical exponents reported in Table IV .
Hexagon {6}
The Hexagon {6} dihedral symmetry D 6 can be expressed in terms of the following two independent invariant polynomials Since τ {6} is of polynomial order k = 6, the corresponding upper critical dimension is d c = 3 and accordingly we consider the following marginal potential
The LO beta functions and the anomalous dimension can be obtained from the general formulae (3.2); the result is as follows 22) and they are enough to show that the only real fixed point belongs to the O(2) class.
Heptagon {7}
The heptagonal symmetry D 7 can be expressed in terms of the following two independent invariant polynomials In this case the invariant τ {7} is of field order k = 7, so that the corresponding upper critical dimension is d c = 14 /5; we notice that the Heptagon is the first polygon for which d c < 3. As for the Pentagon, there is only one marginal coupling since ρ {7} and its powers are even in the fields and therefore the corresponding marginal potential reads
The beta function β X receives a non vanishing contribution only from the anomalous dimension since the beta functional β V in Eq. (3.6) is identically zero in this case. We have
The solution X * =
7
√ represents the Heptagon FP with critical exponents reported in Table IV. Octagon {8}
In the Octagon case the two independent invariants are Since τ {3,3} and σ {3,3} appear respectively at order k = 3 and k = 4, the upper critical dimensions in the Tetrahedron case are d c = 6, 4. In d c = 6 we have only one marginal coupling .37) and at LO the beta function β X and anomalous dimension can be obtained from Eq. (3.4) as
and it does not have any non-trivial real FP. In d c = 4 instead we have two marginal couplings and the marginal potential is given by 
